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A combined method is described for the electrical analog method 
of simulating heat and mass transfer preccsses, using two networks: 
On one network of capacitors and resistors, heat transfer is simulated; 
on the ether, mass transfer, the cells of the networks ~yeing intercon- 
nected. 

Methods of inves t iga t ing  and solv ing  the sy s t em s  of 

d i f fe ren t ia l  equat ions r e p r e s e n t i n g  heat and m a s s  
t r a n s f e r  a r e  based on the work  of Lykov and his 
school .  One such method is that of the e l e c t r i c a l  anMog 
s imula t ion  of unsteady heat  and m a s s  t r a n s f e r  problen~s. 

It  is  known that the+ s imula t ion  of p rob lems  in heat  
t r a n s f e r  and m a s s  t r a n s f e r  separa te ly ,  without in-  

t e reonnee t ion ,  is c a r r i e d  out on e l e c t r i c a l  i n t e g r a t o r s  
by c r ea t i ng  the r e q u i r e d  boundary condit ions at the 
boundary of an RC network+ However ,  it is not pos + 
s ible  to solve  a heat  and m a s s  t r a n s f e r  problem by 

means  of a s ingle  R e  network.  
In the p r e s e n t  pape r  combined method is sugges ted  

fo r  so lv ing  such p rob l ems  on two networks:  On one 
network of c apac i t o r s  and r e s i s t o r s  heat  t r a n s f e r  is 
s imu la t ed ;  on the other,  m a s s  t r a~s fe r ,  the ce l l s  of 

the networks  being in te rconnec ted  in such a way that ;: 
change in potent ial  in one network inf luences  the change 
in potent ia l  in the o ther .  We shall  es l l  this method tt:e 
method of combined s imula t ion .  

F o r  de f in i t eness  we shall  c o n s i d e r  the equat ions of 
heat  and m a s s  t r a n s f e r  in e a p i l t a r y - o o r o u s  substanc ~s, 
but a s i m i l a r  method can a lso  be applied in o ther  
f ie lds ,  for  example ,  in s imula t ing  m a s s  and heat  

t r a n s f e r  in solut ions,  b inary  gas mix tu res ,  e tc .  Let  
the c a p i l l a r y - p o r o u s  subs tance  be full par t ly  of liqui;{ 

and par t ly  of gas.  Change of m a s s  content  at a ce r t a in  
point occurs  as a r e s u l t  of phase t r ans i t ion  and dif-  
fusion.  Diffusion m a s s  t r a n s f e r  a r i s e s  f rom non- 

un i fo rmi ty  in concent ra t ion  and f rom nonuniformity in 
t e m p e r a t u r e .  During a change of heat  content  at each 
point, account  is taken of flow ra t e  of heat due to 
phase t rans i t ion .  The d i f fe ren t ia l  equations obeyed by 
the t e m p e r a t u r e  t(x, y, z, r) [~ and by the m a s s  
t r a n s f e r  potent ial  d (x, y, z, r) [~ have the form [1, 2] 

- -  a o V ~- t . . . . . . . . . . . .  , 
0T Cq 0"r 

a,,+ V={} + a~, 6,-, V'/.  (2} 
aT 

We shal l  examine  two networks  of r e s i s t o r s  and 
ca pac i t o r s  CIR 1 and C2R 2 eons i s t ing  of the same num- 
be r  of iden t iea l ly  posi t ioned ce l l s  (3). Each nodai 

point Of the f i r s t  network is eoupted to the s i m i l a r l y  
loca ted  nodal point of the second network through 
a c a p a c i t o r  C. In the case  of a one -d im ens iona l  p r o -  
b lem,  the e l e c t r i c a l  c i r c u i t  has the fo rm shown in 
Fig.  l a .  The voltage v s imu la t e s  the t e m p e r a t u r e  
t = Ntv(I), and +,he voltage w s i m u l a t e s  the m a s s  t r a n s -  

f e r  potential  d = N| The e l e c t r i c a l  p a r a m e t e r s  
of a network may  convent ional ly  be r e g a r d e d  as being 
d i s t r ibu ted  along the axis 0x e. On the axis  0Xe a 
ce r t a in  sca le  of units and a c e r t a i n  c h a r a c t e r i s t i c  
length of the analog, l e, a re  chosen.  The r e s i s t a n c e  
of unit length of the f i r s t  network is R J A x  e, where  

Ax e is the length of one ce l l  of the c i r cu i t .  C1/AXe, 
C J A x  e a re  de t e rm ined  s i m i l a r l y .  We shal l  cons ider ,  
without in t roducing  new notation, that R 1 is the r e -  
s i s t ance  of unit length of the e l e c t r i c a l  c i r c u i t  (or of 
unit cube in the case  of a t h r e e - d i m e n s i o n a l  problem) ,  

and C 1 is the e l e c t r i c a l  ca.pacitanee, a lso  of unit length 
(o r ' o f  unit area. in the ease  of a two--dimensional  p r o -  

b lem,  etc.  ). We shall  examine  one ce l l  of networks  
i and II in the case  of a two-d imens iona l  p rob lem (Fig.  

lb)+ As in the case  of a one -d imens iona l  p rob lem,  we 
shall  choose  axes 0x e and 0y e. We shall  examine  a 
node in network I at which the vol tage is v. On the 
bas i s  of K i r ehho fgs  law: the sum of the input c u r r e n t s  

m u s t  be zero ,  i . e . ,  

i~ - - - i s  -}- ia - -  i~ = i~ - -  i~+ (3) 

The e u r r e n t s  in, i s a re  p ropor t iona l  to the capac i -  
t ances  of the capac i t o r s  and to the de r i va t i ve  of po-  
tent ial  d i f fe rence  a c r o s s  the pla tes  of the capac i to r :  

Ov 
i~ =- C ,  A x e A Ye - -  ' 

0 T e 

16:  C A x e A Y  e 
a (,~ - -  v)  

a T e 

Since, f rom Chin 's  law, i = -(AYe/R1)(O v / a x  e) in 
the d i r ec t ion  of the axis  0Xe, and i = -(AXe/R1)(~ v/DYe) 
in the d i rec t ion  of the axis 0Ye, 

i2 - -  il ai A x e - AYe a'~v 
:= 0+,'-2 R, 0Xe a x e  

Simi lar ly ,  

i~ -  i n := -  Aa e O"-v 
R~ 3!]e A Ye 
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Subst i tut ing the values  of c u r r e n t  found in  (3), we 
have 

AYe 5% Rl 0Xe AXe'- Are 020 - - ' - - " 7  - -  "-V"7 A Ye -- 
RI dy e 

O ( w - - v )  
= C i a x e A Y e  ~-~---CAXeAVe O'c---~ " 

0 "~e 

In the second network, the equation for  the potential  
of c u r r e n t  is der ived  in a s i m i l a r  way, and we obtain 
the r e l a t ion  

AReO~.~ , , ,  . _ Axe 0 'z~' 
R, OX~ ':'xxe~ R, --'Oy; A g e =  

We shal l  in t roduce s i m i l a r i t y  p a r a m e t e r s  of the 
heat  and m a s s  t r a n s f e r  equat ions  (1) and (2): 

Fo = aqr/l*; Lu = am/aq; Ko* = erCmO*/Cqt*; Pn = 8~t*/O ~:. 

In o rder  to wri te  (1) and (2) in d imens ion l e s s  p a r a m e -  
te rs ,  we shal l  in t roduce  the re la t ive  magni tudes  ( s im-  
plexes) 

X = x/l, Y =  y/l; 0 = 0/0", T =  t/t*. 

In t e r m s  of these  d imens ion l e s s  quant i t ies ,  (1) and (2) 
take the form 

OT . - -:  g . = T +  Ko* __0(9 , (8) 
0 Fo O Fo 

Ow 
= C,., h XeA Re 0 x e _ _  __C AxeA  Ye O ( v - w )  . 

0 "~e 

00 
. . . .  Lu V20 ~ Lu Pn V= T. (9) 
O Fo 

These  las t  r e l a t ions  give a sy s t em of equat ions r e -  
la t ing to the potent ia ls  v and w: 

Oo 1 C 0w V 2 v + - -  (4) 
0"r e R 1(C l-!-C) C I + C  0"r e 

c)w 1 C Ov 
V 2 w + 

0"% R2(C2 +C)  C ~ - - C  0 %  (5) 

The va r i ab le s  v and w, which s imula te  r e soee t ive ly  
t e m p e r a t u r e  t and m a s s  t r a n s f e r  potent ial  0,  appear  
in Egs.  (4) and (5) only in the form of par t ia l  de r i va -  
t ives ,  and there fore  there  may, genera l ly  speaking, be 
d i f ferent  zero  potent ia ls  (i. e. "ear th"  potent ia ls  for 
networks  I and II). 

Equation (4), which s imu la t e s  the equation of heat  
conduction (1), is indent ica l  in s t r u c t u r e  to these las t  
equat ions.  We shal l  t r a n s f o r m  (5) by rep lac ing  dv/d7 e 
by i ts  value f rom (4). After  a r r a n g i n g  s i m i l a r  t e r m s ,  
we f inal ly  have 

The Laplace opera to r s  in these equat ions co r re spond  
to pa r t i a l  de r iva t ives  also with r e spec t  to the d im-  
ens ion les s  coord ina tes  X = x / l ,  Y = y / l .  The equat ions 
de t e rmine  the two dependent  va r i ab les  ~ and T from 
the independent  ones Fo, X, Y (and Z in the case  of a 
t h r e e - d i m e n s i o n a l  problem).  

We shall  conver t  Eqs. (6) and (7) also to d imens ion -  
l e s s  quant i t ies  in such a way that the equations obtained 
will be ident ical  with (8) and (9). To do this, we shal l  
t r a n s f e r  in the model to d imens ion l e s s  coord ina tes  and 
d imens ion l e s s  potent ials :  

X ~ xe/le, Y . -  9eqe, V = v/v*, W:= w/w*. (10) 

Then (6) takes the form 

Rx (C1 + C) le ~-s e = t, 0-~ + ~2.. + (C, - C) v* 0 Xe 

In t roducing the two s i m i l a r i t y  p a r a m e t e r s  

Ov 1 C Ow 
V~v + _ _  , (6) 

0T e R, (C1 -t- C) C I + C  Ox e 
% . K o * -  - - C  ___w*, (11) 

Fo= RI(CI+C)  I~ ' C l + C  v* 

0w (C, + C) 

0 r e 1(Ci + C) (C2 - .  C) - -  C 21 R~ 
V 2 ~.J -i ~- 

C 
+ V * v. (7) 

[(C~ + C) (C2 § C) --  O]  R~ 

This sys t em of d i f fe ren t ia l  equat ions for  the e l ec t r i ca l  
potent ia ls  v and w is s i m i l a r  to the or ig ina l  heat and 
m a s s  t r a n s f e r  equat ions.  Equat ions (6) and (7) have 
been der ived  for  the case  of a two-d imens iona l  model,  
but  they are  also valid for the one -d imens iona l  scheme 

shown in Fig.  la ,  and for a t h r e e - d i m e n s i o n a l  scheme;  
then the Laplace opera to r  has the form 

8*v 02v ~v 

v'o= oZ 

the l a s t  equation takes the form 

OV 8W 
. . . . . .  v2V-I - Ko* , (12) 
0 Fo 0 Fo 

which is ident ica l  with (8). 
If the assumed  d i m e n s i o n l e s s  va r i ab les  and pa r a -  

m e t e r s  (10) and (11) are  inse r t ed  into the equation 
for the e l ec t r i ca l  potent ial  w (7), i t  takes the form 

c)W 

O Fo 
_ _  = R1 (Cl -!- C) 1 V 2 W § 

R.~ (C~ + C) 1 - -  (Cl + C) (C~ + C) (13) 

C 
a- 1 C2 -] V2 V. 

(C. + C) - -  (Cl + C) (C~ + C) 
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Fig .  1. E l e c t r i c a l  d i a g r a m  of the  analog:  a) fo r  a o n e - d i m e n s i o n a l  
p r o b l e m  ; b) a ce l l  of the ne tworks  for  a t w o - d i m e n s i o n a l  p r o b l e m .  

In th is  r e l a t i o n  the d e r i v a t i v e s  in the Lap lace  o p e r a t o r  
have been  wr i t t en ,  as  they a l so  we re  in (12), in t e r m s  
of the d i m e n s i o n l e s s  c o o r d i n a t e s  X and Y. To m a k e  
(13) i den t i ca l  with (9), i t  i s  n e c e s s a r y  that  

LU = R1 (C1 ,-F C) . 
R~ ( G  + C) 

1 (G -" C) (G + C) 

But this  is  not so. In o r d e r  to u n d e r s t a n d  the m e c h a n -  
i sm of m a s s  t r a n s f e r  in the ana log ,  we sha l l  e x a m i n e  
the s i m i l a r i t y  of the hea t  and m a s s  flux v e c t o r s  j_ and 
Jm to the e l e c t r i c  c u r r e n t  v e c t o r s .  In r e g a r d  to t~e 
hea t  t r a n s f e r  p r o c e s s ,  th is  s i m i l a r i t y  is  s imp le :  The 
hea t  flux i s  

Jq = - -  ~'q V t. (15) 

and We sha l l  i n t roduce  the d i m e n s i o n l e s s  hea t  f luxes  

Pn ~ R_~ Cv* , 
R~ (C1 -v C) w* 

lq ==jq.t/kq.t :~:. 

which m a y  be ve r i f i ed  d i r e c t l y .  The equat ion of e l e c -  
t r i c a l  po ten t i a l  in the second ne twork  and in d i m e n s i o n -  
l e s s  c o o r d i n a t e s  t akes  the fo rm 

c)W 

O Fo 
- - - -  = Lu V2W+ Lu Pnv"-V. 

Thus, in o r d e r  that  the p r o c e s s e s  in the e l e c t r i c a l  
ana log  and the hea t  and m a s s  t r a n s f e r  p r o c e s s e s  sha l l  
be  s i m i l a r  and be d e s c r i b e d  by  the s a m e  d i f f e ren t i a l  
equat ions ,  i t  is  n e c e s s a r y  fo r  the  fol lowing four  s i m -  
i l a r i t y  p a r a m e t e r s  to be  equal:  

Fo = ao"rlP = .relRl (C~ + C) l~e, 

R,  (Ca 4" C) 

a~ R2 (Cz + C) [ 1 - -  C"/(C, + C) (C~. + C)] 

Ko* = e rCm ~:':/Cq i* = Cw*/(Q -!- C) v :~ ,̀ 

Pn = 6 o/*/b* = CRz v*/(C, § C) RI w*. (14) 

The phys i ca l  mean ing  of the s i m i l a r i t y  p a r a m e t e r s  
Fo  and Ko* b e c o m e s  c l e a r  if we r e c a l l  that  

1 
.r : :\:3 "re, I2 =: g~ l~, Cq . :  Ncq (C1 -{- C), ~.q = N;.q R--[ ' 

~ = N o w ,  t = h' ,v .  

Then (15) in d i m e n s i o n l e s s  c o o r d i n a t e s  t akes  the  fo rm 

iq := - - V  T. 

In the analog,  in f i r s t  ne twork,  the c u r r e n t  i~ s a t i s f i e s  
the r e l a t i on  

l 
i, = - - R - 7  vv '  

or ,  in d i m e n s i o n l e s s  c o o r d i n a t e s ,  

1 = i1" R1 lgv*,  

and when the s i m i l a r i t y  p a r a m e t e r s  a r e  equal,  the 
equat ions  a r e  i den t i ca l  and the v e c t o r s  m u s t  be  equal ,  
i . e . ,  

lq = jq. l/)~q .P!: =: i1" R,/e/V :!:. 

On the o the r  hand, the m a s s  t r a n s f e r  v e c t o r  is  

Jm = - -  )~, V9 - -  ~m 5oV t. (16) 

We shall  introduce the d imens ion less  m a s s  flux vec tor  

i,,, := Jm ll~m 0~::. 

At f i r s t  s ight  i t  would s eem that  Lu = a m / a  o should 
be equal  to the r a t i o  RI(C 1 + C)/R2(C 2 + C) with})ut the 
f a c t o r  [1-C2/(C1 * C)-(C2 + C)] in the denomina to r .  

Then (16) takes the form 

{m --  - -  V 0 - -  Pn V T. (17) 
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Taking into account  that  when s i m i l a r i t y  obta ins  

11 R1 l / v *  = - -  v ' V  = - -  V T ,  

and a lso ,  

i2 R~ I/w* = - - V  W = - -  vO, 

which fol lows f rom the equa l i ty  i 2 = -Vw/R2, and we 
have, f rom (17) 

Ir~ ~:: i~ R21/w* + Pn ii R :  l / v* .  (18) 

Taking into account  tha t  in the analog Pn = CR2v*/ 
(CI + C)Rlw* (14), we have,  f r om (18) 

I R 2 ( t ~ +  __C i~) ,  
I ~  - -  m *  C 1 + C 

which m e a n s  that  the e l e c t r i c  c u r r e n t  s imu la t i ng  the 
m a s s  f lux p a s s e s  not  only th rough  the second network,  
but  a l so  th rough  the f i r s t ,  whe re  i t  i s  r educed  by  the 
f ac to r  C/(C 1 + C). Then the d i r e c t i o n s  of i 2 and i 1 
do not  in g e n e r a l  co inc ide .  

NOTATION 

r) time; aq) thermal diffusivity; ~) ratio of mass change due to a 
phase transition in the neighborhood of a certain point to the total mass 
change; r) specific heat of phase transition; Cm) isothermal mass 
capacity; Cq) heat capacity; am) potential conductivity of mass trans- 
fer; 5e) thermal gradient coefficient; l ) characteristic length; t* and 
8*) some specific temperature and mass transfer potential drops; v* 
and w*) some specific potential differences; Ko*) modified Kossovich 
number. 
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